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FOREWORD 



The earlier outline for Eleventh Year Mathematics and this 
revision both adhere closely to the recommendations of the Commission 
on Mathematics of the College Entrance Examination Bc,ird that this 
course be a unified development of certain aspects of algebra, 
trigonometry, and analytic geometry. As the terminal course in the 
three-year sequence in mathematics, the Eleventh Year Mathemat ics 
course is designed to provide both a solid foundation for college 
level mathematics and the mathematical literacy needed to function 
effectively in an increasingly technological society. 

Recent developments in the field of mathematics and the thinking 
of contemporary leaders in the mathematics community have challenged 
those responsible for curriculum direction and revision to make 
mathematics teaching still more effective by involving to a greater 
degree the "modern" emphasis on the understanding of broad, basic, 
unifying mathemu t ical concepts. This revision is an attempt to help 
teachers meet this challenge. 

In May 1967, an Ad Hoc Eleventh Year Mathematics Committee met 
at the Department to consider revisions which would reflect to a 
greater degree the "modern" concepts as well as best provide for 
continuity with the na- syllabus for Ninth Year Mathematics. Members 
of this committee included: Beniamin Bold, Stuyvesant High School, 

New York City; Margaret Dickson, Scot ia-Glenvi lie High School; 

Leo Dustman, Spring Valley High School; Eva Hanneman, Waverly High 
School; Charles Kissam, Northport High School, and Sister Ann Xavier, 
St. Agnes School, Rochester. 

The recommendations of this committee were incorporated in the 
first outline of the revision of the Eleventh Year Mathematics 
syllabus which was developed during the summer of 1967 by Eva Hanneman 
and Sister Ann Xavier, working under the direction of Frank Hawthorne, 
Chief of the Bureau of Mathematics Education. Copies of the first 
outline were sent to the members of the committee for suggestions and 
revisions; and additional pertinent comments and s/uggestions were 
made by Harry Schor, Abraham Lincoln High School New York City. 

In a series of meetings the suggestions for modifications were 
evaluated by Mr. Hawthorne and the staff of the Bureau of Mathematics 
Education: Bruno Baker, Aaron Buchman, Agnes Higgins, Melvin 

Mendelsohn, Fredric Paul, and John Sullivan. The final draft was pre- 
pared and edited by Mr. Buchman and Robert Zimmerman, Associate in 
Secondary Curriculum Development. 



Gordon E. Van Hooft 

Chief, Bureau of Secondary 

Will iam E. Young Curriculum Development 

Director, Curriculum 
Development Center 



ELEVENTH YEAR MATHEMATICS 
Scope and Content 




I . Number System 

A. Structure of the number system through complex 
numbers (1) 

B. Postulates of a number field (2) 

C. Operations on numbers in specified sets 

1. Operations on real numbers involving 

a. Factoring (3) 

b. Fractions (4) 

c. Exponents and radicals (5) 

2. Operations on complex numbers 

a. Algebraic (6) 

b. Graphic (optional) (7) 

II. Functions and Relations 

A. Definitions - relation, domain, range, function, inverse 
of a relation (8) 

B. Polynomial functions 

1, Linear (9) 

2. Quadratic (10) 

C. Trigonometric functions 

1 . Definitions and values of the six trigonometric 
functions (11) 

2. Graphs of the sine, cosine, and tangent 
functions (12) 

D. Inverse trigonometric functions (13) 

E. Exponential functions (14) 

F. Logarithmic functions 

1. Definition (15) 

2. The laws of logarithms (16) 

3. Computation (17) 

G. Direct and inverse variation (18) 

H. Quadratic relations (19) 

111. Open Sentences (20) 

A. Conditional equations (21) 

1. Fractional (22) 

2. Irrational (23) 

3. Exponential (24) 

4. Quadratic (25) 

5. Trigonometric (26) 

6. Absolute value (27) 

7. Literal - include the transformation of formulas 

B. Identities 

1. Algebraic (28) 

2. Fundamental trigonometric (29) 

3. Reduction formulas (30) 
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4. Sine, cosine, and tangent of the sum and difference 
of :wo angles; of double angles and half angles (31) 

5. Derivation and use of product expressions for the sum 
and the difference of two sines and two cosines 

(opt onal) 

6. Proving identities involving two or more functions of 
a single angle or double angle (.32) 

C. Inequalities 

1. First and second degree in one variable (33) 

2. Two of the first degree in two variables, graphic 
solution 

3. One first and one second degree in two variables, 
graphic solution (optional) (34) 

4. Absolute value (35) 

D. Verbal problems (36) 

E. Conjunction of open sentences 

1. Linear - quadratic systems (37) 

2. Systems of three linear equations in three variables 
(opt i onal ) 

IV, Solution of Triangles 

A. L.?.w of Sines and Law of Cosines (38) 

B. ATea o.f triangles in terms of two sides and included 

angle (39) 

V. Sequences and Series (optional) (40) 
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SUGGESTIONS FOR TEACHING 



1 . The structure of the real number system should be studied and 
extended to the set of complex numbers. The study of the 
reals should include not only the properties of the field of 
real numbers, but also the relationships among the various 
sets of numbers which make up the set of reals. (See appendix, 
section A) . 



/ 

.Rational numbers 
/ \ 



-Integers^ 



'Natural numbers 
Zero 

‘Negative integers 



Real numbers 'Nonintegral rationals 

Irrational numbers 



Complex numbers should be defined in the binomial form 
a + bi, in which a and b are real numbers. The real numbers 
may be thought of as complex numbers of the form a ♦ Oi. 
Imaginary numbers are complex numbers of the form a + bi where 
b / 0. 

.Real numbers a + 01 



Complex numbers 
a + bi 



Imaginary numbers a + bi (b ^ 0) 

(Called pure imaginary if a = 0 and b ^ 0) 



2. The postulates of a field should be reviewed and discussed in 
reference to each set of numbers under consideration. Students 
should be able to recognize which postulates are or are not 
satisfied by the various number sets. 

The following properties should also be considered: 
Properties of equality (for all real numbers a, b, c) 

a. Addition property (If a = b, then a + c = b + c.) 

b. Multiplication property (If a = b, then ac = be.) 

c. Reflexive property (a - a) 

d. Symmetric property (If a = b, then b = a.) 

e. Transitive property (If a = b and b = c, than a = c.) 
Properties of inequality (for all real numbers a, b, c) 

a. Trichotomy property (a > b, a = b , or a < b) 

b. Addition property (If a>b, a * c > b + c, for all c.) 

c. Multiplication property (If a > b, ac > be for c > 0. 

If a > b, ac < be, for c < 0.) 

d. Transitive property (If a > b and b > c, then a > c.) 

It should be noted that the complex numbers are not ordered. 
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3. Students should know that factoring involves the use of the 
distributive postulate. A good balance should be maintained 
between the development of factoring skill and the knowledge 
of the u:?e of postulates. Factoring should include the 
following areas: 

a. Common monomial or binomial factor: 

2 cg»~* x ♦ cos x 

b 2 + ah ♦ b ♦ a = b(b ♦ a) ♦ l(b ♦ a) = (b ♦ a) (b ♦ 1) 

b. Difference of two squares 

4 sin 2 x - 9 cos 2 x 




c. Quadratic trinomial, including perfect square trinomials 
4x 2 ♦ 4x - 3 
2 sin 2 x • 9 sin x • 5 

NOTE: The importance of the universe in factoring should be 

pointed out. Although x 2 + 1 is not factorable in the 
set of real numbers, x 2 ♦ 1 = (x ♦ i)(x - i) in the set 
of complex numbers. Although x 2 - 3 is not factorable 
in the set of rational numbers, x 2 - 3 = (x ♦ /3) 

(x - /3) in the set of real numbers. 

4. a. The four fundamental operations on fractions should be 
limited to those cases in which the denominators are 
monomials or binomials. In all work with fractions, 
attention should be given to the fact that a zero denomi- 
nator makes the fraction meaningless, 
b. Simplification of complex fractions should be limited to 

1 + 1 

cos A sin A 

1 1 _ 

cos A sin A 



a. The following laws should be developed in class (for 
positive integral exponents) 

(1) x a Xx b = x a + b 

(2) X a x y a = (xy) a 

(3) x a i x b = x a ’ b (Where a > b)(x i 0) 

(4) x a t y a = f M a (y i 0) 

V 

< / 3x b ab 

(5) (x ) =f x 

b. Meaning and use of negative, zero, and fractional exponents 

Define x° = 1 where x f 0. 

x~ a = 1 where x f 0. 



cases such as: 



R * £ 
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5. Exponents and Radicals 
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x = (\/x) a = JT where a is an integer, b is a 
positive integer and x is a 
positive real number. 

Show that these definitions are consistent with the laws 
stated in a_ on the previous page. Use should include 
scientific notation. 

c. Fundamental operations with irrational numbers should be 
reviewed and extended ttv include the rationalization of the 
denominator of expressions such as: 

_3 3 # /2 + 2/1 

/2 4/2 - 1 * 3/2 - /3 

Although the us’*al applications involve rationalizing the 
denominators, a few examples of rationalizing the numerator 
may be included. 

6. The student should be able to apply tl;e four fundamental 
operations to complex numbers and should, be familiar with the 
additive and multiplicative identities and inverses of complex 
numbers . 

7. The student should be able to represent complex numbers 
graphically and find sums and differences by graphic methods. 

8. A relation is a pairing of the elements of one set with the 
elements of another set. The order of the pairing must be 
specified. Thus, a relation may be defined as a set of ordered 
pairs. The set consisting of all the first members of the 
ordered pairs is the domain of the relation. The set consisting 
of all the second members of the ordered pairs is the range of 
the relation. 

If the elements of each ordered pair of a given relation 
are interchanged, a new relation is formed which is called the 
inverse of the relation. From this definition, it can be seen 
that the range of the original relation is the domain of its 
inverse and that the domain of the original relation is the 
range of its inverse. The graph of the inverse relation is 
symmetric to the graph of the original relation, with respect 
to the line y * x. (Appendix, Section I gives supplementary 
information on inverse functions.) 

A function is a special type of relation in which each 
element of the domain is paired with a unique element of the 
range. Thus a function may be defined as a set of ordered 
pairs in which no two ordered pairs have the same first element. 

Graphically, this means that a relation is a function if 
and only if no vertical line meets the graph of the relation at 
more than one point. This is sometimes called the vertical 
line test. 
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In elementary mathematics , a function is generally 
specified in one or more of the following ways: a table, a 

gTaph, or an equation. Thus, if f is the function defined by 
y s f(x) = sin x, (where x is real), f may be expressed in 
terms of the familiar table, the graph, or the equation 
y = sin x. 

The symbol f(x) is often used as the second element of an 
ordered pair and is customarily called the value of the 
function. Also, if we write the ordered pair as (x,y) y is 
called the value of the function. Tims, y and f(x) are given 
the same meaning and we may write y * f(x). 

The work of the eleventh year concerns itself, primarily 
with the study of polynomial functions, trigonometric functions 
logarithmic functions, and exponential functions. Future 
reference to any of these functions, unless otherwise stated, 
will imply real functions, that is, those whose domain and 
range are subsets of the real numbers. 

9. The study of the linear function should include the following: 

a. In the development of this syllabus, tht y-intercept of a 
line will be defined as the ordinate of the point at which 
the line crosses the y-axis. If the line intersects the 
y-axis at (0,b), we shall say that the y-intercept is b. 
Similarly, the x- intercept is the abscissa of the point at 
which the line crosses the x-axis. It must be pointed out 
that textbook writers are not uniform, nor even consistent, 
in their usage of the term intercept, and teachers may 
wish to familiarize their pupils with other usages current 
in the literature. Also, the difference between a line 
with slope 0 and a line with no slope should be clarified. 

b. Review of the slope-intercept form y = mx + b and study of 
the point-slope form y - yj = m(x - Xj) . 

c. Parallel and perpendicular lines. Show that nonvertical 
parallel lines have the same slope, and conversely. Show 
that two oblique lines are perpendicular if the product of 
their slopes is -1, and conversely. (See Appendix, Section B) 

Problems such as the following should be considered: 

(1) WTite an equation of the straight line which is 
parallel to the line 2x - 3y = 6 and contains the 
point (3, -1) . 

(2) Write an equation of the straight line which is 
perpendicular to y = 2x + 3 and contains the point 
(- 2 , 1 ). 

10. The study of the function {(x,y) | y * ax 2 + bx ♦ c, a ^ 0} 
should include: 

a. The graph of the function and the effect upon the curve due 
to changes in the coefficients a, b, or c. 
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b. The equation of the axis of symmetry 

c. Maximum or minimum values of ax 2 ♦ bx ♦ c 

d. Use of the graph to obtain the solution set of the equation 
ax 2 ♦ bx ♦ c = k 

11. The six trigonometric functions should be defined for all 
angles, both positive and negative. The values of the functions 
of the special angles, that is, the quadrantal angles and 
multiples of 30° and 45° should be studied. Radian measure 
should be used extensively throughout the study of trigonometric 
functions. The student should know the relationships of 
central angle, arc, and radius, and should be able to express 
the measure of an angle in either degrees or radians. (See 
Append ix # section C) . 

The function F, defined by F * ((t,s) | s * sin t and t is 
a real number) has mathematical significance independent of the 
concept of angle and its association with the coordinate axis. 
Applications of the trigonometric functions of numbers may be 
found in the advanced study of such periodic phenomena as 
harmonic motion, vibration, light, sound, and electricity. 

12. a. When graphing the trigonometric functions, care must be 

taken in the labeling of the axes. The graph of any 
function consists of a set of points in the coordinate 
plane located by using ordered pairs of real numbers. In 
the trigonometric functions, although the second element 
is a real number, the first element is usually thought of 
as being the measure of am angle. However, if the measure 
of the angle is expressed in radians, then both elements 
will be nondenorainate real numbers and the same scale may 
be used for labeling bvth axes. 

The graph of the sine function with domain 0 <. x <. 2tt 





b. Graphs of the sine, cosine, and tangent functions for both 
positive and negative values of x. 

In sketching trigonometric function curves, pupils 
should consider form, amplitude, and period. 

^ 11 
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(1) The two axes should be labeled accordingly. 

(2) The scale of values used should be indicated. 

(3) The values of the x-axis should be expressed in 
radians . 

(4) The graphs are curved lines and should not be drawn 
as straight lines. 

(5) Graphs should be sketched to pass through such key 
points as maximum and minimum points and x- and 
y-intercepts . 

(6) Graph paper which is appropriate in size and scale for 
the type of question involved should be supplied to 
pupilf. . To safeguard against loss or errors in rating, 
the name of the pupil and the school should appear on 
each sheet of graph paper submitted. 

c. Graphs of the functions defined by a sin bx and a cos bx 
for values of b equal to h, 1 and 2 to include the meaning 
of the terms amplitude and period and a study of these 
graphs as a and b vary. 

d. Graphic solution of systems of trigonometric equations 
based on £ above . 

13. a. In the case of the trigonometric functions, the first 

element of each ordered pair is the measure of an angle 6, 
expressed as a real number. The second element, for example, 
sin 0, is another number. The number 0 uniquely determines 
sin 9. To obtain the inverse of the sine function, we 
interchange 0 and sin 0. However, sin 0 does not determine 
6 uniquely. In fact, there are infinitely many values of 
0 corresponding to a given value of sin 0. Therefore the 
inverse of the sine function is a relation which is not a 
function and should not be referred to as an "inverse 
function." The same is true of each of the other trigono- 
metric functions. If sin 0 = k, an ordered pair of the 
inverse relation would be (k, 0). The notation commonly ^ 

used for 0 is 9 = arc sin k or 0 = sin" 1 k. Either of 
these is read "0 is an angle whose sine is k." 

If a trigonometric function is made one-to-one by 
restricting its domain, then its inverse will be a function. 

If the domain of the sine function is restricted to 

.< 0 £ y, the function is one-to-one. Its inverse is 

also a function since for each value of sin 0, there is a 
unique value of 0. In a similar manner, the domain of the 
other trigonometric functions may be restricted to produce 
inverse functions. (The graphs of the trigonometric 
functions or those of their inverse relations would be 
helpful in explaining this procedure to students.) To 
distinguish the inverse functions as just defined from the 
inverse relations, the initial letter of the name is 
capitalized when referring to the inverse function. 
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Thus the range of each of the inverse functions, and, by 
implication, its definition, is 
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In restricting the domain and range of the trigono- 
metric functions we limit ourselves to a discussion of what 
are usually called the ’’principal values” of the inverse 
functions. The equation y = arc sin h has many solutions, 
some of which are 30° , 150° , -210°. The equation 
y = Arc sin h may be read ”y is the principal value of the 
angle whose sine is 55 .” This gives y = 30° or y = 

b. Applications ^ 

(1) To express the roots of a trigonometric equation in 
inverse trigonometric form. When solving a trigono- 
metric equation, values are often obtained which are 
not in the range of the function. All such values 
should be discarded. For example, if when solving a 

5 + /3 

second degree equation sin 0 = - arid sin 0 = 

5 - /3 

r are obtained, the first should be discarded and 



the roots written 9 = arc sin ( 
(2) To evaluate expressions such as: 

/s 

sin (Arc tan h) = — f 



5 - /I- 



cos (Arc sin 



<-!» 



Arc 



sin (cos -^0 = 
o 



sin [sin^C-l} ♦ cos'^-l)] - 1 



14. The exponential function may be used as an introduction to 
logarithms. When so used, it is of the form { (x,y) | y = a x , 

a > 0, a f 1} with domain the set of real numbers and range the 
set of positive real numbers. Although a may have values such 
that 0 < a < 1, values of a greater than one are most frequently 
used. Application should be limited to graphing functions such 
as ((x,y) | y = 2 X } and { (x,y) | y = 10 x .) 

15. The logarithmic function is of the form t(x,y) | y = log a x, 

a i 1, a > 0} with domain the set of positive real numbers and 
range the set of all real numbers. As with the exponential 
function, a is usually greater than one. This function should 
be introduced as the inverse of the exponential function. 
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Their relationship to each other may be shown by graphing both 
functions on the same set of axes and showing that their graphs 
are symmetric with respect to the line y = x. Although 
graphing may be limited to bases such as 2 and 10, logarithms 
should be defined so that students should be able to find the 
value of x in expressions such as: 

log 2 8 = x; log x 3 - h; log 5 x = 2 

16. Proofs should be givt/i for the following: 

a. log ab « log a ♦ log b 

b. log = log a - log b 

c. log a n * n log a 

d. log \fa = “-Clog a) 

17. This work should emphasize not only the evaluation of abstract 

^ 8.103 x 0\574 u ^ 

expressions such as \/ : =-=tj — s -=*, but also evaluation m 

r V 45.9 sin 27 12’ 

connection with actual formulas which come within the range of 
the pupil's understanding; for example, find the radius of a 
sphere whose volume is 89.6 cu. ii. Interpolation of numbers 
to 4-figure accuracy and of values of functions of angles to 
the nearest minute should be included. 

18. Both direct and inverse variation should be defined using a 
constant of variation and should involve higher powers of the 
variab les . 



19. Students should be able to graph a circle with center at the 
origin and a hyperbola of the form xy = c. Also, if a, b, and 
c are positive, ax 2 ♦ by 2 = c should be recognized as the 
equation of an ellipse or circle; and ax 2 - by 2 = ♦. c as the 
equation of a hyperbola. 



20 . 



Open sentences, whether equations or inequalities, are of three 
types. Identical equations (identities) and absolute inequali- 
ties are true for all elements of the replacement set for which 
the statement has meaning. Conditional equations and condi- 
tional inequalities are those which are true for some, but not 
all elements of the replacement set. These first two types are 
well known. However, there are also statements of equality and 
inequality which are never true. For example: 



1 1 1 
x - i * x + i ft i ; 



| x + 2 I < -3 



21. Equations are solved by obtaining a series of new equations 

which we want to be equivalent to the original equation, that 
is, each has the same solution set as the original equation. 
Operations which may lead to nonequivalent equations are 
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multiplying or dividing by zero, multiplying or dividing by an 
expression containing the variable, or raising both members to 
the same power, possibly fractional. 

Since the solution of irrational and fractional equations 
involves raising to a power or multiplying by an expression 
containing the variable, the solution set of any derived 
equation ;vill contain all of the solution set of the original 
equation, but may contain other elements as well. Hence a 
check is essential . 

If each member of an equation is divided by an expression 
containing the variable, the solution set of the* derived 
equation may not contain all of the elements of the solution 
set of the original equation. Therefore, students should be 
advised not to use this operation. 

22. The study of fractional equations should be extended to include 
those having binomial denominators. 

23. Here the work should be limited to those cases which have only 
one radical involving the variable and which lead to equations 
of the first or second degree, for example, 

\J x 2 + 5 - 1 = z; %/x - 1 = x - 7; ^ x - 1 = 2; 

— = 1 ; jr- 2cos X = 2 

/x"TT 

NOTE: Khen solving the second equation above, the derived 

equation is not equivalent to the original one. Checking 
will reveal which value should not be included in the 
solution set. (Avoid calling this an ’’extraneous root”.) 

24. Students should be able to solve exponential equations of the 
type 4 X = 3; 3 X + 1 = 27 X . 

25. The study of quadratic equations should include: 

a. Review of the solution by factoring. 

b. Derivation (see Appendix^ Section D) and use of the formula. 

c. The discriminant and its use in determining the nature of 
the roots . 

d. Derivation and use of the relationship between roots and 
coefficients. Use should include checking the roots of a 
quadratic equation. 

Trigonometric equations involving two or more functions of the 
single angle or the double angle should be solved. The use of 
the quadratic formula should be included. 



26 . 



27. The equation | x ♦ a j = b, where b is non-negative , is true 
if x + a s b and if x ♦ a = -b. See Section H for the 
definition of absolute value. Thus, the equation | x + a | = h, 
where b is non-negative, is solved by finding the solution sets 
of the two equivalent equations, x ♦ a * b and x ♦ a * -b, and 
taking the union of the two sets. The solution set of the 
equation | x ♦ 5 | * 7 is (2, -12}. 

The solution set of the equation | x | = k, where k is 
negative. Is always empty sinve there is no number whose 
absolute value is negative. Care must be taken when solving 
equations of the form | ax ♦ b | = cx ♦ d since values of x 
which make cx ♦ d negative cannot be members of the solution 
set of this equation. Thus, the equation | 2x ♦ 11 | = x ♦ 4 
is not equivalent to either 2x + 11 = x ♦ 4 or 2x ♦ 11 = -x - 4. 

The equation | 2x ♦ 11 | = x ♦ 4 is internally inconsistent and 
its solution set is empty. Again, [ 2x -*■ 2 | « 3x ♦ 4 and 
2x ♦ 1 s -(3x ♦ 4) are equivalent equations ancl have the same 
solution set which is (-1). Equations containing absolute 
values should first be inspected to see if there are any 
obvious restrictions on the values of the variable. Then any 
solutions of the two derived equations should be checked in the 
original equation to determine whether or not they are members 
of the solution set of the original equation. 

28. A few simple algebraic identities should be presented so that 
students will be made aware of the fact that identities are not 
limited to trigonometry. Examples: 

(a ♦ b) 2 — a 2 + 2ab + b 2 ; ~ ^ = a ♦ b (when a / b 

29. The student should know the following trigonometric identities 

and be able to use them in the proofs of other identities and \ 

in the solution of simple equations. 



a. 


Reciprocal : 


sin 9 esc 0=1, cos 0 sec 0 = 
tan 0 cot 0=1 


1 , 


b. 


Quotient : 


* o sin 0 ^ _ cos 0 

tan 0 = , cot 0 = - 

cos 0 * sm 0 




c. 


Pythagorean : 


sin 2 0 + cos 2 9=1, tan 2 9 +1 
cot 2 0 + 1 = esc 2 0 


= sec 2 0, 




Students also should be able to express any 


function of 



an angle in terms of any other function of that angle, for 
example : 

tan 0 = +_ sin 6 

J C 1 - si e) 

30. This should include expressing the values of function of - 0, 
180° *_ 0, 360° i 8 in terms of a function of 0. 
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If these identities are developed using 0 as an acute 
angle, students should be made to recognize 1 that the identities 
hold for all values of 0. (Values of functions of 90° + 0 and 
270° +_ 0 may be omitted here and considered as applications of 
the sum or difference of two angles.) 

31. The derivations of these identities are required. The order in 
which the identities for the sine and cosine of the sum and the 
difference of two angles are developed may vary. While no one 
sequence is required, one suggested sequence may be found in 
the Appendix* Section E. 

32. Students should be made aware of the fact that certain replace 
ment values of the variable may make one or both members of an 
identity meaningless. These values, if an/,, should be deter- 
mined for each identity. 

33. Students should know that inequalities may be true for all, 
some, or no elements of the replacement set. The algebraic 
solution of linear inequalities in one variable should be 
reviewed. The study of quadratic inequalities should include 
those of the form: 

ax 2 + bx + c > 0 
ax 2 + bx + c < 0 
ax 2 + bx + c s 0 
ax 2 + bx + c s 0 

when a ^ 0 and a, b, and c are real numbers. Application 
should be limited to those which do not require the use of the 
quadratic formula. Suggested method for solution may be found 
in the Appendix, Section F. 

34. Study of quadratic inequalities in two variables should be 
limited to the graphic solution of cases involving the circle 
with center at origin, the parabola, and the hyperbola of the 
form xy = c. Conjunction of any of these with the linear 
inequality in two variables should be included. (See Appendix, 
Section G) . 

35. Inequalities involving absolute value should be limited to cases 
such as | x | > 2 and | x + 2 | < 7. (See Appendix, Section H) . 

36. A majority of the verbal problems customarily included at this 
level are artificial and impractical. Many of them are mere 
puzzles and as such have no relation to actual life situations. 
Even those which seem to bear some resemblance to actual 
affairs have been formulated so as to contain the exact amount 
of information necessary to solve the problem and in most cases 
evidently the answer has been predetermined. This, of course, 
is seldom true of a real problem. The practicality of problems, 
however, should not be the only criterion in deciding the case 
for or against problem solving as such. 




1? 
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Most real problems from fields such as mechanics, science, 
economics, engineering, and the like presuppose a background 
which is beyond the grasp of pupils at this stage. Furthermore, 
to explain this background satisfactorily, even if this were 
possible, would require more time than is available. On the 
other hand, the techniques and mental processes involved in the 
solving of simple "puzzle 1 ’ problems of the traditional types 
are the same as those which can be applied at a later time, and 
with profit, to those of a genuinely practical nature. Finally, 
it should be pointed out that whatever the educative value of 
problem solving may be, that value can seldom be realized if 
teachers and pupils persist in using special procedures for 
special types of problems. Instead, pupils should be encouraged 
to develop and to understand generalized procedures which can 
be used in attacking all problems regardless of their particular 
type. Emphasis should be placed on the analysis of the problem 
and the expression of the quantities involved as related 
variables . 

If the preceding cautions are kept in mind and if the 
appropriate concepts are emphasized during problem solving 
activities, use can still be made of the familiar problem set- 
tings such as number (including digit problems), geometric, 
mixture, motion, work, and business. Additional verbal problem 
settings, consistent with pupil background and ability, may be 
provided, 

37. These systems should be solved both algebraically and graphi- 
cally. The graphic solution should be limited to those cases in 
which the quadratic equation is that of a circle of the form 

x 2 + y 2 = r 2 , a parabola of the form y = ax 2 + bx + c, or a 
hyperbola of the form xy = c. 

38. Suggested! derivation of the law of sines and the law of cosines 
may be found in the Appendix, Section E. Use of the law of sines 
should include computation with logarithms. The solution of 
the oblique triangle by means of the law of sines or the law of 
cosines should include the following four cases: 

a. One side and any two angles 

b. Three sides 

c. Two sides and the angle opposite one of them (the 
ambiguous case) 

d. Two sides and the included angle 

Solution of trigonometric verbal problems should be 
limited to those cases in which the figure is easily obtained 
from the description or in which the figure is given. Problems 
of navigation involving bearing should be omitted and vector 
problems should be limited to those of a simple parallelogram 
of forces. Vectors may be treated in the traditional manner 
or as an ordered pair of numbers. For the latter, see Appendix, 
Section J. 
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39. The derivation and use of a formula for the area of a triangle 
in terms of two sides and the included angle are required. For 
a derivation, see Appendix, Section E. 

40. A sequence {a n } may be defined as a function that associates 
with each positive integer, n, a real number, a n . A series is 
an indicated sum of the terms of a sequence. The terms of the 
sequence should be indicated as a\ , a2»*** a n* The general term 
(sometimes called the last term) is a n . In order to further 
illustrate the idea of a general term, it may be well to 
consider some sequences other than the arithmetic or geometric. 

1, 4, 9, 16, . . . ,n 2 , , . . (a n = n 2 ) 
l I I I I r I ^ 

Study should include development and use of the general 
term, a n , and the sum of n terms, Sn, for arithmetic and 
geometric sequences. The study of geometric sequences should 
include the infinite case. 




IS 
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Section A THE REAL NUMBER SYSTEM 



The eleven postulates listed below form part of the foundations 
of the entire subjects of arithmetic and ordinary algebra. They are 
the axiom? of an abstract system called a field. The letters a, b, 
and c stand for arbitrary elements of a set of numbers. 

Addition 



1. 


a ♦ b is a unique 


element 


of the set 


[Closure] 




2. 


a ♦ b * b + a 






(Commutative 


Postulate) 


3. 


(a ♦ b) ♦ c = a ♦ 


(b ♦ c) 




(Associative 


Postulate) 


4. 


a+0 = 0+ a = a 






[Identity] 




5. 


a + (-a) = (-a) + 


a = 0 




[Inverse] 






Multiplication 








6. 


a • b is a unique 


element 


of the set 


[Closure] 




7. 


a • b = b • a 






[Commutative 


Postulate] 


8. 


(a • b) * e = a • 


(b • c) 




[Associative 


Postulate] 


9. 


a* 1 = 1 • a = a 






[Identity] 




10. 


1 1 . 

a • — = — • a = 1 

a a 


for a i 


0 


[Inverse) 





Distributive Postulate 

11. a * (b ♦ c) * (a • b) «■ (a • c) 

If by the natural numbers we mean the positive integers, the 
union of the sets of natural numbers, the negative integers and zero 
is the set of integers. The set of integers satisfies all of the 
field postulates except the inverse for multiplication. If a and b 

represent any integers, a number of the form ^ where b f 0 is a 

rational number. The set of rational numbers satisfies all of the 
field postulates . 



3 22 

The numbers, -g, 0.75, —j. 



-S_ 

3' 



0 . 666 ..., 



5 sin 30°, tan 45°, 



and 1.7321 are rational numbers as each is the quotient of two 
integers. Each is written as, or may be written as, a numeral in 
fractional form. Any integer, a, is a rational number since it is 

equal to y. Any rational number may be expressed ii_ fractional form. 



Any rational number may also be expressed in decimal form (terminating 
or repeating) . For each fraction there is a repeating or terminating 
decimal representing the same number, and conversely. 

Examples : y = 0.75, = 1.6875, |y, = 2.4166... 



0.25, = y, 3.73 



373 

100 ' 



0.5454. 




16 



20 



The following method is 
periodic decimal to the form 



suggested for changing a repeating or 
g- where a and b are integers. 



Example 1 



Example 2 



Change 0.5454... to the form g- 

where a and b are integers . 

Let A = 0.5454. . . 
then 100A = 54.5454. . . 
and 99A = 54 

A 54 S 

A = 7777 or -7-r- 



99 
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Change 0.02727... to the form — 

where a and b are integers . 

Let N = 0.02727... 

1000 N = 27.2727. . . 

10 N = 0.2727. .. 

990 N = 27 

N = 27/990 or 3/110 



These are, of course, special cases of the general method for 
summing an infinite geometric series with | r | <1. 

Some numbers when expressed as decimals do not repeat or 
terminate. These numbers we call irrational numbers. Examples: 

JZ , y/S ~ - 5, ftS , ir, - sin 10°, tan 30°. 

There are five important theorems that should be known regarding 
irrational numbers: 

1. If the rational root of an integer lies between two consecutive 
integers, then this root is an irrational number. In particular, 
if the square root of an integer is between two consecutive 
integers, then the root is irrational. It might be better to 
assume this theorem although a proof is not too hard if one uses 
the unique prime factorization theorem for integers. 

2. The sum of a rational number and an irrational number is an 
irrational number. The proof of this theorem is appreciated by 
students for its simplicity and power. Proof: Suppose that 
there were a rational number b, and irrational number x such 
that their sum were the rational number c. Then we would have 
b ♦ x = c or equivalently x = c - b. But c - b is a rational 
number, as the difference between any two rational numbers is a 
rational number. This contradicts the assumption that x is 
irrational. Hence, no such b and x exist. 

3o The product of a rational number different from zero and an 

irrational number is an irrational number. The proof is similar 
to that above. 

4. The sum of two irrational numbers may be either rational or 
irrational. /T ♦ /2 = 2/J irrational; (5 ♦ /2) ♦ (5 - /2 ) = 10 
rational . 

5. The product of two irrational numbers may be either rational or 
irrational. (/2) (/2) = 2 rational; (/2) (/3) = /6 irrational. 

The union of the set of rational numbers and the set of 
irrational numbers is the set of real numbers. The set of real 
numbers also satisfies all of the field postulates. 



